Subclasses of p-valent starlike and convex functions in the unit disk in the complex plane are investigated. Every p-valent convex function in a subclass is shown to belong to its corresponding subclass of starlike functions. A necessary and sufficient condition for functions to belong to these classes is obtained. Subordination properties, and sharp distortion, growth, covering and rotation estimates are obtained for these classes. Convolution results with prestarlike functions are also derived.
real axis. Several subclasses of starlike and convex univalent functions are respectively characterized by the quantities z f ′ (z)/ f (z) or 1 + z f ′′ (z)/ f ′ (z) lying in a region in the right-half plane, or equivalently, each function is subordinate to φ in ∆. Ma and Minda [7] gave a unified presentation of these various subclasses. They studied the class S * (φ) consisting of functions f ∈ A for which z f ′ (z)/ f (z) ≺ φ(z), and the corresponding class C(φ) of functions f ∈ A satisfying 1 + z f ′′ (z)/ f ′ (z) ≺ φ(z) (z ∈ ∆). We extend these classes to the case of p-valent starlike and convex functions under a much more general setting. 
and the class S * p (φ) consists of all analytic functions f ∈ A p satisfying
In the above definition, we do not make the assumption that the function φ maps the unit disk ∆ onto a region starlike with respect to 1 nor is φ(∆) symmetric with respect to the real axis. Since φ is a function with positive real part, functions f ∈ C p (φ) satisfy
and hence they are p-valent convex functions. In particular, observe that f (z)/z p = 0 and f ′ (z)/z p−1 = 0 in ∆. Similarly the functions in S * p (φ) are p-valent starlike functions.
Define the functions k φ,p and h φ,p respectively by
The function k φ,p is in C p (φ) while the function h φ,p belongs to S * p (φ), and they play the role of extremal functions for these classes. We denote the functions k φ,1 and h φ,1 respectively by k φ and h φ . For p = 1, the classes S * p (φ) and C p (φ) are precisely the classes S * (φ) and C(φ) introduced by Ma and Minda [7] . More generally, the classes S * p (φ) and C p (φ) include other well-known classes of pvalent functions, for instance, the class of uniformly convex p-valent functions. For these functions, Al-Kharsani and Al-Hajiry [3] recently obtained distortion inequalities and coefficients estimates.
In this paper, the classes C p (φ) and S * p (φ) are studied. In Section 2, an Alexander-type connection between functions in C p (φ) and S * p (φ), as well as relationships between S * p (φ) and S * (φ), and also between C p (φ) and C(φ) are obtained.
Using a result on the Briot-Bouquet differential subordination, we show that
. A necessary and sufficient condition for functions to belong to these classes is derived. Section 3 is devoted to subordination properties. In Section 4, we show that sharp distortion, growth, rotation and covering estimates for the classes C(φ) and S * (φ) obtained by Ma and Minda [7] extend naturally to the p-valent cases. Finally in Section 5, we derive interesting and useful convolution results with prestarlike functions for functions in these classes.
Analogous inclusion and convolution properties for multivalent analytic and meromorphic functions have recently been investigated in [2, 9, 13] .
The Alexander Theorem relating C p (φ) and S * p (φ)
A well-known result of Alexander states that a normalized analytic function f is convex if and only if the function z f ′ (z) is starlike. There exists a similar close analytic connection between the classes C p (φ) and S * p (φ).
Theorem 2.1. The function f belongs to C p (φ) if and only if F(
Proof. The theorem follows directly from the identity
Next let f ∈ A p and g ∈ A be related by
where the power is chosen so that the function
then a computation yields
and therefore f ∈ C p (φ) if and only if g ∈ C(φ). In particular,
The following result is needed to show that C p (φ) ⊂ S * p (φ). Lemma 2.1. [4, 8] Let β, γ be any complex numbers and let h be convex in the unit disk
, and
Then a computation shows that
and hence by (2.3),
The result now follows by an application of Lemma 2.1.
Subordination in C p (φ) and S * p (φ)
The following lemma is a restatement of a result of Ruscheweyh [ 
Lemma 3.1. Let φ be a convex function defined in ∆ with
The function f ∈ S * p (φ) if and only if for all |s| ≤ 1 and |t| ≤ 1,
Proof. Define the function q by
and the result now follows from Lemma 3.1. 
By taking t = 1 and s = 0, the following corollary is obtained as an immediate consequence of Theorem 3.1.
Corollary 3.2. Let φ and F be as in Theorem
3.1. If f ∈ S * p (φ), then f (z) z p ≺ F(z) z .
Remark 3.2. Since the function F(z)/z is h φ,p (z)/z p , the above subordination can be written in the form
f (z) z p ≺ h φ,p (z) z p .
This conclusion can also be drawn from a much weaker condition on φ(z) (see Theorem 3.2 below.)
For the proof of the next theorem, we need the following lemma: 
Proof. Define the functions q and Q respectively by
Then a computation yields
By an application of Lemma 3.2, q(z) ≺ Q(z) and therefore the subordination (3.1) follows. 
Growth, Distortion, Covering and Rotation Theorems
As application of Corollary 3.3, we obtain growth and distortion estimates, as well as covering and rotation theorems for functions in C p (φ). 
Further, for |z 0 | = r < 1,
Proof. Let f ∈ C p (φ) and g be defined by (2.1). Then g ∈ C(φ) and from [7, Corollary 1, p. 159], yields
Using (2.1) and (2.2) in the above inequality and rewriting the result, we get
The other assertions in the theorem follow easily.
The following corollary provides the corresponding results for functions in S * p (φ). 
Convolution Properties
so that
